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ABSTRACT 

In this paper, we derive an elementary derivation of the Schottky relation 
for hyperelliptic Riemann surfaces of genus 4. The relation obtained generalizes 
immediately to hyperelliptic surfaces of genus greater than 4. The derivation is 
elementary in the sense that it does not require the Schottky-Jung conjecture. 

Introduction 

If S is a compact Riemann surface of genus g, g > 4, and if F,A F = ~ 1 , ' " , 7 0  

A = 31,..., 6g is a canonical homology basic on S, then one can choose a basis for 

the abelian differentials of first kind ~bl, ...,~bg dual to F,A i.e.: j~rfl5 i = 61j and 

form the period matrix (I, 17) where 17 = (rcij) and z~j = S~j~bi. It is well known 

that the matrix H formed in this fashion is an element of ~g, the Siegel upper half 

plane of degree g, i.e. : 17 is symmetric and the imaginary part of 17 is positive 

definite. 

Recently Rauch [-9, 10] proved that the (g(g + 1))/2 elements of 17 are holo- 

morphic functions of 3 g -  3 complex variables and hence that there are 

[-(g - 2)(g - 3)]2 holomorphic relations among the elements of 17. The one and 

only known relation for g = 4 preceded Rauch's work by many years and was 

exhibited by Schottky [,13, 14]. Schottky's relation appears as the vanishing of an 

explicit homogeneous polynomial in the Riemann theta constants. Schottky's 

derivation of  his relation is very complicated and to this day is perhaps still not 

really understood. 

During the last few years there seems to have been a resurgence of  interest in the 

problem. Andreotti and Mayer [1] have proven that there exist polynomials in 
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the Riemann theta constants and their derivatives whose vanishing implies all 

period relations. The author and Rauch in a sequence of papers [-2-5, 11, 12] have 

rederived Schottky's relation for g = 4 and have extended it to arbitrary genus. 

The tool used was essentially the settling of a conjecture by Schottky and Jung in 

the affirmative. The question has also been considered by Fay in his dissertation 

[-6]. 

In this paper we restrict our attention to hyperelliptic surfaces and verify directly 

that for g = 4 the period matrices satisfy Schottky's relation. The verification of 

this fact is also a new proof of the relation and as the reader will see, can be extended 

in a simple way to hyperelliptic surfaces of arbitrary genus. 

I. This section will be devoted to definitions, establishing notation, and sum- 

marizing known facts. 

Throughout this paper (S, F,A) will denote a compact Riemann surface of 

genus g on which there is given a canonical homology basis F = Vl, "",70, 

h = 61, ' " ,  6g. q~l, "", ~bo will denote the basis of the space of holomorphic abelian 

differentials on S normalized so that j~fq~ = 6i J and II = (nu) where ~ij = fniq~i • 

We shall le t~  denote a column vector whose components are ~b~, ..., ~bg. Hence, if  

we denote the columns of the g x g identity matrix by e (°, i = 1, ..-, g and the 

columns of the g x g matrix II by H (°, i = 1, ..., g we have J'r~ = e(° and 

DEFINITION 1. A period is an integral linear combination of the columns (vectors) 

e C~) and II C°. We shall denote the period, u le ~° + .. .  + uge (°~ + u aII(~) + ... + ugrI ~°) 

by the symbol 

u' tul,...,u~J" 
l { u }  ( u )  

A half period is simply half a period. We denote the half period ~ u' by u' " 

If  we choose a point Po on S and consider the map ~: S -~ C g (where C g denotes 

the space of g complex variables) defined by ~b(p) = . [ ~  we see immediately that 

q~ is a holomorphic multivalued map of S -~ Cg; however, two images of p can 

differ only by a period. Hence, if we identify points in C g whose difference is a 

period, the map ~b becomes single-valued. The map ~b can be extended in a natural 

way to S, the r-fold symmetric product of S with itself. If  p~ ... p , e  S, then 

~b(pl "'" P,) is defined to be ]~=ltk(p~). 

DEFINITION 2. A compact Riemann surface of genus g is said to be hyperelliptic 
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provided that  there is a meromorphic  function on the surface with precisely two 

poles. 

I t  is well known that a meromorphic  function on a compact Riemann surface 

assumes every value the same number of  times and therefore by virtue of  definition 

2 we see that every compact Riemann surface which is hyperelliptic has a concrete 

representation as a branched two sheeted cover of  the sphere. The genus and the 

number of  branch points are related by the well known Riemann-Hurwitz formula 

which says that if  $1 and $2 are Riemann surfaces andfrepresents  $1 as a branched 

analytic covering of Sz then 2g 1 - 2 = n(2g 2 - 2) + V where g~ is the genus of 

S~, n is the number of  sheets and V is the number of branch points of  the covering 

counting multiple order branch points according to their multiplicity. In particular, 

for hyperelliptic surfaces we have 2gl - 2 = 2 ( -  2) + V or V = 2g 1 + 2. Hence, 

each hyperelliptic Riemann surface of genus g has a concrete representation as a 

two sheeted cover of  the sphere with 2g + 2 branch points, and in particular a 

hyperelliptic surface of genus 4 has a representation as a two sheeted cover of  the 

sphere with ten branch points. We can then by a fractional linear transformation 

of the sphere arrange that three branch points lie over 0, 1 and oo on the sphere 

and obtain a concrete representation of a compact Riemann surface of genus 4 

as illustrated in Fig. 1. 

6 , 

Fig. 1 

OEFI ,,,ON 3 Athet cha, acter'stic[ ]=  '  ' , a2x matr,xof 
integers. The characteristic is termed even or odd depending on whether the inner 

product 5" d =  ]~=1~i~ is even or odd. The characteristic is called a reduced 

characteristic if the entries in the matrix consist of zeros and ones. The reduced 

characteristic obtained from a given characteristic by replacing each entry in the 

matrix by its least non-negative residue modulo two is called the reduced repre- 
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sentative of the characteristic and a simple computation shows that the parity of a 

characteristic and its reduced representative is the same. 

DEFINITION 4. Let Z = (zl,  .-.,zg) be a vector in C g and H = (n~j) be the g x g 

matrix defined at the beginning of this section. (It is wellknown that II is symmetric 

Im order  unctio  wit  c aracteristic [ ] 5' associated 

with S, F, A is defined by the following series: 

8 (Z, H) = exp 2ni ]~ 0 5' 
nt  ... n ~ = - - m  i , j = l  

a,s(nt + a~/2)(ns + %2) 

+ ' ] g (ni + ~i/2) (z~ + eg'/2) • 
i = 1  

I f  one now takes the first order theta function with characteristic 

[q ~, associated with S , F , A  and replaces the argument Z by the argument 

~ where Po is some fixed point of S one obtains a multivalued holomorphic 

function on S; however, the zeros of this function are well defined. The latter 

statement holds since the function 0[~15' (Z, I-I) satisfies the following functional 

equation: 

eiui) 2 Z uizi (giH i __ t e' + , H exp ni ' - 
i i = 1  (1) u' 

- -  ~ u i u j l ~ i j  
i , i = l  8 '  

Therefore, since any two images o f p  under fpPo¢ differ by a period, a point p on S 

is unambiguously a zero of the function or not. 

Further properties of the theta function that we shall have need of are given by 

the following formulae: 

(2) 
8' + u'  ,1-1 = e x p n i  - ¼  ]~ uiujn~j-½ ~ ui(e~+u't) 

i j = l  i = 1  

- 0 ~ + u  (Z ,H) .  
i = 1  S t  

where ~ = e + 2v, ~' = 5' + 2v', and v, v' are vectors in C o with integer components. 
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The theory of  theta functions is a vast and beautiful one and can be found in [7]. 

For a more modern presentation, and one which emphasizes the Riemann surface 

theory aspect the reader is referred to [8]. The important points for us are the 

following: 

0[  ~ ] 5' ( f ~ '  II) is either identically zero on S, F, A or else has precisely g zeros 

(g = genus of S) on S, F, A. Furthermore, in the latter case, ifp~, ..., pg e S o denotes 

the divisor of zeros of 0 5' ( "[pp°~' II) there is a constant K e C g, which depends 

onpo  andF,  A, such tha t (e  ) {u } 5' =05(Pl" 'P~)+K+ u' where 05 has been 

defined after definition 1 and u' is some period as in Definition 1. A point 

[ e ] (Z, II) if and only if there is an element Z ° -= (z°, ..., zo°)e C g is a zero of 0 5' 

~=q l . . . qo_ l eSo_ l  suchthatZO= (~ ) {u } 5' + (o(~) + K + u' " In reference t° 

the second point above it would seem as if the property o f Z  ° being a zero depended 

on the base point Po of the map 05. This of course does not make any sense and in 

fact the quantity 05(() + K for ~ e S o_ 1 is independent of the base point Po modulo 

periods [8]. 

IL For the remainder of this paper we restrict our attention to S, F, A where S 

is hyperelliptic surface of genus 4 and F, A is pictured in Fig 1. We understand 

Fig. 1 as describing S, F, A as a two-sheeted covering manifold of the Riemann 

sphere branched over 0, 1, o% 21, '" ,  27 and we shall denote the covering map by Z. 

Observe, therefore, that the function Z is a meromorphic function on S. 

We now recall one of  the main theorems of the theory of compact Riemann 

surfaces, namely Abel's theorem which gives a necessary and sufficient condition 

for ~ e S, and co e St to be the zeros and poles of a meromorphic function on S. 

(Recall S, has been defined immediately prior to Definition 2). 

ABEL'S THEOREM. A necessary and sufficient condition for ~ e S, and co e S t 

(( relatively prime to co) to be the zeros and poles o fa  meromorphic function on S is 

that r = t and qS(O- 05(co) = u' " 
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LEMMA 1. I f  p ,q  are two points of S which are inverse images under Z of 

O, 1, oo,21,...,27 then ¢(2) - ¢(q) = u' " 

I~OOF. We have already observed that Z is a meromorphic function on S with 

a double zero and a double pole. Furthermore, (z - 1), (z - 21), .-.,(z - 27) have 

double zeros at z-l(1),  z-1(20,  ..., z-1(27) and double poles at z - l ( o e ) .  Hence, 

if p, q are say z -  1(23 and z-  l(,~s) respectively i # j ,  (z - ;.3/(z - 2j) is a meromor- 

phic function on S with a double zero at p and a double pole at q. By Abel's theorem 

¢(22) = ¢(2p) = ¢(qq) = ¢(q2) = 2¢(q)+  { u } 2¢(2) u' and therefore 

u' as was to be shown. 

If  in particular we take z- l (0)  to be the base point Po of the map ¢, we find by 

the previous lemma ¢(q) = u'  ' for q = z-l(1),  z - l (21 ) , . . . , z - l (27 ) , z -1  (oo)  

and for some u, u'. 

As a matter of fact one can characterize hyperelliptic Riemann surfaces by the 

condition that there exist a base point P0 for the map ¢ such that ¢ ( q ) =  ( u ) u t  • 
\ g 

This follows immediately from the sufficiency part of Abel's theorem. 

L E n A  2. Choosing z-1(0) to be the base point of the map ¢ we have: 

(1) ¢(z-l(O)) = ( ~ 0 0 )  

{0100 l 
(2) ¢(z-1(1)) = \oooo/ 

(OlOO  
(3) ¢(z-1()~1)) = ~1100] 

{1100"~ 
(4) ¢(z-a(22)) = \1100] 

{1100~ 
(5) ¢(z-1(23)) = \0101] 

{11o1  
(6) ¢(z-1(2")) = \0101] 

(11o1  
(7) ¢(z-i(25)) = ~0110] 
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['1111' 1 
(8) ¢(z-1(26)) =  01 0] 

0115 
(9) ¢(z-1(27)) = \0100] 

295 

I0100] 
2) 0[0101] (¢(p), H) 

_ I 0 1 0 0 ]  

2') 0 [0001] (¢(p), II) 

z - - l ( o ) ,  Z -  1(/],2) , Z -  1 ( 2 5 )  , Z--  1 (47 )  

Z - 1 ( ( X ) ) ,  Z - 1 ( 2 2 )  , Z - 1(/],5) :, Z - 1 ( 4 7 )  

= (oooo  
(10) ¢(z- 1(2))  \0100] 

where we understand equality to mean equality modulo periods in C g. 

PROOF. The proof is by a simple computation which we illustrate by computing 

¢(z-1(23)). Consider a cycle c with initial point at z-1(0) which runs along the 

top sheet of our surface in Fig. 1 until it comes to z-1(23) and then goes back to 

z-1(0) along the bottom sheet lying under the path already traversed on the top 

sheet. It is clear that c is homologous to ?2 + 52 + 5 1 -  74 and hence 

{10 1 0 01} If w e n o w d e n o t e t h e p a r t o f c l y i n g o n t h e t o p s h e e t b y c + a n d  J'~ = 1 0 -  " 

the par tofclyingonthe bottom sheet by c- we have f~÷(I)+ J'~-¢ = {1010 0} 
1 0 - 1 "  

Utilizing now the well-known fact that dz/o9, zdz/co, z2dz/o9, and z3dz/¢0 where 

co = x/z(z - 1) (z - 41)'" (z - 27) is a basis for the holomorphic differentials on S 

and the fact that these differentials have the property that they change sign on the 

two sheets we see that [~.~ = ~-(I). We immediately have then that ¢(z-~(23)) 

~ (I) {10 1 0 0} (~ 1 0 0 ) ( 1 0 1  0 0 1 ) m o d u l o  periods. 
= f~+~P=~f~ =½ 1 0 - 1  = 1 0 - 1  = 1 0 

The verification of the other equalities is obtained in precisely the same fashion 

and this gives us the proof of the lemma. 

L~MMA 3. Choosing z-1(0) to be the base point of the map ¢ we have 

Function Zeros on S , F , A  

^ [0100] 
1) 0 [0100] (¢(P)' H) z- '(0), z- 1(22), z-I(24), z-'(26) 

_ [0100] 
1 ' )  0/0000/L J ( ( ~ ( p ) , l ' I )  z-l(o0),z-l(z2),z-l(24),z-l(26) 
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^ r0100] 
3) O[OllOJ (¢(p), H) 

^ fOlOOl 
3') O [0010] (¢(p), rI) 

_ [0100] 
4) 0[llllJ (¢(p), rI) 

_ fOlOOl 
4') 0[1011] (¢(p), II) 

_ [O000l 
5) O[oloo] (¢(p),n) 

5') same as 1') 

_ f0000l 
6) 0 [0101] (¢(p), II) 

6') same as 2') 

_ [O000l 
7) 0[01113] (¢(p), FI) 

7') same as 3') 

[oooo l 
8) O[llllj (¢(p), rI) 

H . M .  FARKAS 

z-~(O),z-'(22),z-~(24),z-~(27) 

z-l(oo),z-l(22),z-'(24),z-~(27) 

Z--1(O),z--1(23),Z--1(24),z--l(27) 

z=l(o0),Z-I(23),z-l(24),z-l(27) 

z-'(1),z-l(2z),z-'(24),z-J(26) 

z-'(1),z-'(2~),z-l(25),z-l(27) 

z-l(1),z-l(22),z-l(24),z-l(27) 

z- 1(1), z- 1(23), z- 1(24), z- 1(27) 

Israel J. Math., 

8') same as 4') 

PROOF. The proof is by inspection. We verify that the four points indicated are 
indeed zeros of the given function on S, F, A and then observe that the given 
functions are not identically zero on S, F, A. We verify 1). 

_ F 0 1 0 0 ]  ^ I0100] 
Clearly, 0[0100J (¢(z-'(0)),II)-0[0100J ( 0 , H ) ; 0  by Eq. (4). 

[0100] _1"01001 [/1100~ H) r12001 
0[0100j ((b(z-l(22),l'I)= 0[0100] \kilO0],__ = E0[1200] (0,H) 

by Eq. (2) with z=0 where E is an exponential multiplier and this equals by Eq.(3) 

1-1000] 
+__ EO [1000J (0, H)=  0 by Eq. (4). Similarly, 

orOlOOl _rOlOOq [[1101'~ ) r1201l 
tolooJ (¢(z-l(2)"H)=°[OlOO] kkOlOl] 'II -- °Lo=od (o,.)-- 

[1001] 
+ EO [O001J (O,n)= O, 
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and 

roloo] 
L vJ/Olff, I (~b(z- 1(~6) , 17) 
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Arc,col ((,111)OllO) ,o21ojr12111 = O[olooj ,17 = ~0 

I-,Ol G +_ EO [001oJ (0,17) = 0. 

[moo] 
The only further item one has to check is that 0 0100 (q~(P)' 17) is not identically 

zero on S, F, A when z-  1(0) is the base point of the map q~. One way of doing this 

is to check 

orOlool _rolool ((oloo~ ~I ro2ool 
[OLOO] (+(z-'(1)),~)= o[OlOOj ttoooo/' ! = e ° [ o , , o ]  (o,n) = 

roooo 1 
-i- EO [010oJ (o,17). 

Now it can be shown quite simply that for S, F, A there are precisely ten even theta 

functions which vanish at the origin. The ten are those functions with the following 
characteristics: 

1010] r i , ,o]  r,,,ol rOllO7 fO,lO 1 roiiG ro,iG [OlOl] 
1011J' [1011J ' [01t l ]  ' [0111J ' [ l l l 0 J '  [1110_[' [ l l01J ' [ l l01J ' 

01011 [1010] _ roloo-I 
, L l l l l j .  We therefore conclude that 0101001 @(z-'O)), n)¢o and l l l l J  

hence that the four zeros obtained are the four zeros of the given function on 

S, F, A. The verification of the remainder of the assertions is performed in precisely 

the same fashion. 

We now have to make the following observations: Given any two theta functions 

0 [ : ,  ] (~b(p),17)and 0155 ' ] (~b(p),H) we consider 

<$ ] 2(~(p),17) • 0[6,  

This is a meromorphic function on S, F, A with of course double zeros and poles. 

In particular, a glance at the data given in Lemma 2 shows that if we take the 

square of the theta functions listed as 1),..., 8) and divide them respectively by the 

squares of the theta functions listed as 1'),..., 8'); the first four quotients have 
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the same zeros and poles and the last four quotients have the same zeros and 

poles. The first four quotients have a double zero at z-1(0) and a double pole at 

z - l (  oo ) while the last four functions have a double zero at z-1(1) and a double 

pole at z -  1( oo ). The functions z and z - 1 on the surface however have precisely 

the same zeros and poles. Hence, the first four quotients must be constant multiples 

of  the function z and the last four must be constant multiples of z - 1. The cons- 

tants in question can actually be computed by substituting for p say z-1(1) in the 

first four quotients and z - l (0 )  in the last four quotients. We shall not do this 

yet but rather consider now the quotients without taking squares. 

LEMMA 4. Choosing z-l(O) to be the base point of the map ¢ and appro- 

priate branches of the function x/~ and x/z - 1 we have the following: 

rooool Ioloo] rooool [00001 
1)  1 Oto000]O [0100] (¢(p),rl) 0[oooo]O [lOOOj _ 

i _ foooo] _ rolooq = x/z and ^ rooooq ̂  rooooq = x/2t 

0[OlOO]o[oooo] (¢(p), H) O[olooJO[llOOJ 

[0001 [0,01 ,00001 rooool 
2 )  1 0 0001 0 010! (¢(p),H)= ~andO[Ooo,jO[loolJ-,/i-2, 

i ro000q rOlOOq ro000q rO0001 
° to4  ° tooo,J (+(,'),'-') °[O,Olj°[11oi j 

rooool F0100"I roo001 ro000q 
3) ' °[°°l°J°i°ll°J('b(v)'m °[°°'°J°[l°l°J 

i ro0001 f01001 = w/~ and _ ro00~l_ [00001 = ~ 
O[o,loJO[ooloJ (~(p),n) o[OllO] u[111oj 
[0001 [OlO I rooool rooool 

4) 1 0 1011 01111 (¢(p),l-l) 011011j0[0011] 
= 4~and --,/X, i 1"00001 1-0100"1 1"00001 i'0000-1 

°[llliJ°[lOllJ(e(P)'n) °[1111J°[o1111 

_ F0100-1 _ f00001 

5) i O[oo0oJO[OlOOJ (@),tO= x ] z - 1  and 
f0000q r0100q 

0 [0100J 0 [0000J (~(p),II) 

F0100] r0100l 

°[ooooJ°boooJ 
r0000q f00001 = x/~-i- 1 

0 [OlOO]°[11oo] 

6) i 

[0,1 [001 
o oooi o OlOl (¢(p),n) = @ - 1  and 

r00001 f01001 
OLololjO[ooolj (¢(p),n) 

orOlOO1 1,,oloo] 
[OOOlJ [lOOlj 
rooool rooool 

°[OlO11°[1,o,J 
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roloo-I roooo-I [OLOO] [OLOO] 
, ° [ ° ° l °J° [ ° l l °J  (¢(P)'m = , / z  -  and--t°Ol°J UOlOJ = 4 ' , -  ' 

orOOOOl [OLOO] _rooool roooo] 
[OllOJ [OOlOJ (¢(p)'H) °[OliOJ 1.111oj 

roloo] rooool 
°[l°l'l°[llllJ(¢(P)'n) 4z-land 8) i = 

r0000l r0100l o[UllJO[louJ (¢(p),n) 

orO ool ploo] 
[ lOl lJ  [OOllj 

^roooo-i [0000] = x/'; l"- 1 
O[ l l l l J  [OlllJ 

PROOF. The verification of assertions 1),...,8) all use the same argument 

which we sketched prior to the statement of the lemma. We shall carry out the 

details for the first assertion. 

Our first task is to observe that the function x/~ is a two valued function on 

S, F, A which has no branching. This is so because z is a function with second 

order zeros and poles. The nature of the two-valuedness of x/z is also clear. 

v/7 changes sign on S, F, A only when z traverses a cycle homologous to +__ 32. 

_ [ 0 1 0 0 ]  

Our second task is to examine O[OlOOj//(¢(p),H) on S,F,A. The functional roloo] 
o [ooooj (¢(P)' u) 

Eq. (1) above for the theta functions indicates that the function under consideration 

is two-valued on S, and moreover that it has precisely the same two valued 

character as x/z; i.e., it also changes sign only when p traverses a cycle on S, F, A 

homologous to + 52. Hence, we can conclude that there is a constant K such that 

_ r o l o o ]  
o t ,,j/010"1 (¢(P)' If) 

K -- ~/z. We compute K by letting p -- z-*(1) and 
o fO 100] 

[O000J (¢(p), r l )  

choosing ~ = 1. We then obtain, using our table in Lemma 2 that 

roloo] 0100 K lOlOOJ ((0oo0) 'rI) _rolool {{OlOO] °[ooooJ   ooooj,") 
= 1 or that K = Utilizing 

0100 
lOOOOj 

exp,-[0]0[ °2°°] 
[0000J which now Eq. (2) above with z = 0  we find K = 

ni _ r0200q 
exp-~-L1]0 [0100] 
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rooool 

equals, after an application of Eq. (3) - i  __0[0000J Hence, we obtain 
i _ rooool 

0[0100J 

rooooq roloo] 
°LooooJ°Lo,ooJ (+(,),  = -. Utilizing now this expression for w/~ and i rO000l f01001 
o[olooJ O[oooo] (¢(p) ,n)  

letting p = z-1(21) we find 

_ I'0000] _ [0100] 0100 
1 °[oooo]°[OlOOJ ((11oo)'H) 1 

0000 0100 / O[o,o ]oj-Ol l,o o  ((11oo),'1) ' 

o rOooor =i_ ro2oo-I 
[0000 [exp -~-[1]0 [1200J 
roooo-I ~i _ ro2ool 
to,oo] exp -~-[0]0 [1100J 

rooool fO000] 
OtoooojOt, oooj 

rO000l 10000-1" 
O[olOO]OJllOOJ 

This concludes the proof of 1) and the rest follow exactly 

in the same way. 

THEOREM. Let H be the second half of the period matrix of S, F,A, S a hyper- 

elliptic surface of genus 4 F, A as pictured in Fig. 1, then 

_+ 

rooool rooool 
°[ooooJ°[,ooo] 
~ ro6oo l - ro~ i  
0 [010010 [110;] 

o roooo] rooool 
[000,jULi001J 
rooool ^ roooo] 

0[0101] 0[1101] 

fO000] [O000q 
°[OOlO]°[loloJ 
_ rooool _ rooool 
0[01101011110 j 

0 r0000 -I 1-0000I 1 [oouj°[lOllJ 
[-00001 ro000] 

°[OUl]°[u11] 
, -  rolool ~rolool roloo-I rOlOO7 [OLOO] rolool r O l O O l ~  

O[o010JO/1010J O[o001] 0[1001] 0 [;Oll]O[lollJ/ i O[oooo]O[,oo d ,o,ool 
----- I ro000-1 fO000-1 -fOOOO-I-FO000]- -rO000-1 tO000-1 -rooool--fO000q/=--+1 

L°LolooJ°[uooJ °[OlOl]°[ilOd °LouoJ°Lulo j °to,,,]°t.,,JJ 
PROOF. The quantities in the first radical are simply four different expressions 

for ~/Ll given in I_emma 4 and the quantities in the second radical are simply the 

four different expressions for ~ / ~ -  1 given in the same lemma. Hence, the 
statement of the theorem is simply that 

+ ( 4 ~ 4 ~ 4 ~ , / - ; ; ) *  + ( 4 ~ ,  - 14~ ,  - - ; ~ 4 ~ - - ~ - ~  ~ = 1. 

Our final observation, however, is that the denominators in both radicals are 
the same. Hence, multiplying through by the common denominator gives precisely 
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the Schot tky  re la t ion  der ived in I-3]. The procedure  used here can be carr ied  over 

to hypere l l ip t ic  surfaces o f  genus g > 4 as well and  will  a lways give re la t ions  of  

the form ~/r  I + ~/~22 +-- ~ = 0 with r, a p roduc t  of  e ight  theta  constants .  In  [5]  

a Schot tky  type re la t ion  was ob ta ined  for  an a rb i t r a ry  surface o f  genus 5. The 

re la t ion there ob ta ined  con ta ined  four  terms. C o m p a r i s o n  of  the re la t ions  shows 

that  the four th  te rm drops  out  for  hypere l l ip t ic  surfaces due to the presence in 

the p roduc t  o f  a vanishing theta  constant .  
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